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 ,QWURGXFWLRQ
+DUERXUV DUH GHVLJQHG WR REVWUXFW WKH LQFRPLQJZDYHV IURP WKH RSHQ VHD DQG WR SURWHFWPRRUHG VKLSV DQG
RIIVKRUHVWUXFWXUHV7KHKLJKDPSOLWXGHLQFLGHQWZDYHVJHQHUDWHGE\VHDVRQDOW\SKRRQDUHREVHUYHGLQWKHLQGXVWULDO
31+ZKLFKLVKD]DUGRXVWRRIIVKRUHVWUXFWXUHLQWHULRUERXQGDU\RIKDUERXUDQGPRRUHGVKLS7KH31+LVVLWXDWHG
LQVRXWKHDVWSDUWRI6RXWK.RUHDZKLFKLVGHVLJQHGWRVXSSRUWWKH326&2VWHHOFRUSRUDWLRQ 0RRUHGVKLSLQ WKH
KDUERXUPLJKW H[SHULHQFH WKH GLIIHUHQW H[WHUQDO IRUFHV VXFK DVZLQG IRUFH FXUUHQW IRUFH DQG WKH K\GURG\QDPLFV
IRUFHVGXHWRLQFLGHQWZDYHIURPYDULRXVGLUHFWLRQV$VPDOOSRUWLRQRILQFLGHQWZDYHVDUHUDGLDWHGWKURXJKHQWUDQFH
WR WKH RSHQ VHD DQG UHPDLQLQJ SRUWLRQ LV GLIIUDFWHG UHIUDFWHG DQG SDUWLDOO\ UHIOHFWHG UHSHDWHGO\ E\ ERXQGDU\ RI
PRRUHGVKLSVDQGWKHLQWHULRUERXQGDU\RIWKHKDUERXU
0DQ\UHVHDUFKHUVKDYHGHYHORSHGVHYHUDOQXPHULFDOVFKHPHVWRDQDO\VHWKHK\GURG\QDPLFUHVSRQVHRIPRRUHG
VKLS LQ D UHDOKDUERXU+RZHYHU WKHVH DSSURDFKHV DUHPRGHOEDVHGZKLFK DUHXVHIXO WRSUHGLFW WKHZDYH ILHOG DW
PRRUHGVKLSLQWKHKDUERXURIDUELWUDU\FRPSOH[JHRPHWU\$QXPHULFDOVFKHPHZDVGHYHORSHGE\2RUWPHVVHQ>@
WR DQDO\VH WKHPRRUHG VKLS LQ VKDOORZZDWHUZDYHV LQ D KDUERXU 6DZDUDJL DQG.XER >@ LQYHVWLJDWHG%RXQGDU\
,QWHJUDO (TXDWLRQ 0HWKRG %,(0 XVLQJ WKUHH GLPHQVLRQDO ' *UHHQ¶V IXQFWLRQV ZKLFK LV DSSOLHG RQ D
UHFWDQJXODU IORDWLQJ ERG\ LQ D UHFWDQJXODU KDUERXU 7DNDJL DQG 1DLWR >@ LQGHSHQGHQWO\ GHYHORSHG D PLOG VORSH
HTXDWLRQPRGHO DSSOLHG WR WKH 'JHRPHWU\ZLWK WKH YDULDWLRQ RI ERWWRP WRSRJUDSK\E\ XVLQJ D )LQLWH(OHPHQW
0HWKRG)(0)XUWKHUDFRPELQHGPHWKRGLVIRUPXODWHGZLWKWKHFRPELQDWLRQRI'%(0DQG')(0ZKLFK
LVDSSOLHGRQPRRUHGVKLSPRWLRQLQDKDUERXU>@$K\EULG%RXVVLQHVTSDQHOPHWKRGLVXWLOL]HGWRSUHGLFWWKH
YDULRXVPRGHVRIPRRUHGVKLSPRWLRQLQUHVWULFWHGZDWHUGHSWK>@%DVHGRQWKHILHOGREVHUYDWLRQDK\EULG
SRWHQWLDOWKHRU\LVLQYHVWLJDWHGWRSUHGLFWWKHPRRUHGVKLSPRWLRQLQGXFHGE\WVXQDPLZDYHV>@5HFHQWO\.ZDN
DQG3\XQ>@XVHG&*:$9(PRGHOWRDQDO\VHWKHPRRUHGVKLSPRWLRQLQ31+
,QWKLVSDSHUZHKDYHGHVLJQHGDPDWKHPDWLFDOPRGHOIRUWKHK\GURG\QDPLFVRIPRRUHGVKLSPRWLRQLQZKLFK
ERXQGDU\FRUQHUFRQWULEXWLRQDQG&KHE\VKHYSRLQWGLVFUHWL]DWLRQLVXWLOL]HG7KHPDLQDQDO\VLVFRQVLVWVRIWZRSDUWV
)LUVWO\ WKH ZDYH ILHOG IRU ERXQGHG DQG XQERXQGHG UHJLRQ DUH HYDOXDWHG XQGHU WKH SDUWLDO UHIOHFWLRQ ERXQGDU\
FRQGLWLRQV >@ IRU GLIIHUHQW UHVRQDQW IUHTXHQFLHV ZDYHV ZLWK YDULRXV GLUHFWLRQV )XUWKHU DSSO\LQJ WKH FRQVWDQW
GHQVLW\ DVVXPSWLRQ XQGHU WKH FRQVLGHUDWLRQ RI OLQHDUL]HG NLQHPDWLF DQG G\QDPLF VXUIDFH ERXQGDU\ FRQGLWLRQV
/DSODFHHTXDWLRQLVVROYHGE\XVLQJ'%(0WRREWDLQWKHVL[GLIIHUHQWPRGHVRIPRRUHGVKLSPRWLRQLQWKHVKLS
UHJLRQ6HFRQGO\WKHSUHVHQWQXPHULFDOVLPXODWLRQUHVXOWLVYDOLGDWHGWKURXJKWKHFRPSDULVRQZLWKWKHSUHYLRXVZHOO
GHILQHGPRGHOJLYHQE\6DZDUDJL DQG.XER >@ DQG7DNDJL DQG1DLWR >@7KHQ WKHSUHVHQWQXPHULFDOPRGHO LV
DSSOLHGRQUHDOLVWLF31+GRPDLQXQGHUWKHUHVRQDQFHFRQGLWLRQVIRUYDULRXVPRQRFKURPDWLFZDYHV
 0RGHO)RUPXODWLRQ
7KHIOXLGGRPDLQLVGLYLGHGLQWRWKUHHUHJLRQVLHERXQGHGUHJLRQKDUERUXQERXQGHGUHJLRQRSHQVHDDQG
WKH VKLS UHJLRQ7KHERXQGHGUHJLRQ EΩ ZLWKXQLIRUPGHSWKK LV VXUURXQGHGE\ WKHKDUERUZDOO6: LQFOXGLQJ WKH
KDUERUHQWUDQFH((7KHXQERXQGHGUHJLRQ XΩ ZLWKXQLIRUPGHSWKK LV WKHRSHQVHDUHJLRQZKLFKLQFOXGHVWKH
H[WHULRUFRDVWDOERXQGDU\VHH)LJ7KHVKLSUHJLRQ VΩ ZLWKXQLIRUPGHSWKKZKLFKLQFOXGHVWKHPRRUHGVKLS60
HQFORVHGE\VHPLFLUFXODUERXQGDU\6ZLWKVHDIORRU6%7KHODWHUDODQGIURQWYLHZRIPRRUHGVKLSLVVKRZQZLWK
LQFLGHQWZDYHDQJOHα RQWRWKHPRRUHGVKLS7KHUHFWDQJXODUVKLSZLWKOHQJWK/6ZLGWK%6KHLJKW+6DQGGUDIW
'VORFDWHGDWWKHERXQGDU\RIWKHKDUERUWRDQDO\]HWKHPRRUHGVKLSPRWLRQVHH)LJ
 *RYHUQLQJ(TXDWLRQ
)LUVWO\ ZH XWLOL]HG +HOPKROW] HTXDWLRQ LQ ERXQGHG DQG XQERXQGHG UHJLRQ WR GHWHUPLQH WKH ZDYH LQGXFHG
RVFLOODWLRQLQDQDUELWUDU\VKDSHGKDUERXUFRQVLGHUWKHFRUQHUFRQWULEXWLRQDQG&KHE\VKHY3RLQWGLVFUHWL]DWLRQ>@
7KHQ YHORFLW\ SRWHQWLDO LV HYDOXDWHG LQ WKH ERXQGHG DQG VKLS UHJLRQ ,Q VKLS UHJLRQ WKH SRWHQWLDO IXQFWLRQ LV
H[SUHVVHGLQWHUPVRIGLIIUDFWLRQDQGUDGLDWLRQSRWHQWLDODVIROORZLQJ
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ZKHUH  , 5 Vφ φ φ φ= + + LV GHQRWHV WKH GLIIUDFWLRQ SRWHQWLDO LQ ZKLFK ,φ LV WKH LQFLGHQW ZDYH SRWHQWLDO 5φ LV WKH
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HTXDWLRQVVXFKWKDW
IRU M  M φ∇ = =         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ZKHUHWKHYDOXHRISDUDPHWHU&LV π IRU  [ \  6∈ DQG π IRU    [ \ 6∉ DQG*UHSUHVHQWD*UHHQIXQFWLRQ7KHHTXDWLRQ
RIPRWLRQIRUERG\G\QDPLFVFDQEHZULWWHQXQGHUWKHDERYHDVVXPSWLRQVLQWKHIROORZLQJPDWUL[IRUP
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 
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ZKHUH LMD DQG LME DUH WKH DGGHG PDVV DQG GDPSLQJ FRHIILFLHQW DQG Mζ LV ZDYH DPSOLWXGH ZLWK IUHTXHQF\ω  7KH
EXR\DQF\PDWUL[&LMLQHUWLDPDWUL[0LMDQGZDYHH[FLWLQJIRUFHLVJLYHQE\1HZPDQ>@
 9HULILFDWLRQRIWKH0RGHO
7KHFXUUHQWPRGHOLVFRPSDUHGZLWKSUHYLRXVPRGHOVZKLFKDUHDSSOLHGE\7DNDJLDQG1DLWR>@DQG<RR>@
DVVKRZQLQ)LJ,QWKLVPRGHOWKHOHQJWKRIPRGHOVKLSLVPZLGWKLVPHWHUDQGKHLJKWLVPDQGGUDIWLV
P7KHGLPHQVLRQRIUHFWDQJXODUKDUERXULVWDNHQDVOHQJWKLVPZLGWKLVPDQGGHSWKLVP,Q)LJ
VLPXODWLRQUHVXOWVKRZV WKHJRRGDJUHHPHQWZLWKSUHYLRXVZHOOVWXGLHV7KXV WKHSUHVHQWQXPHULFDOPRGHOFDQEH
LPSOHPHQWHG RQ WR WKH UHDO KDUERXU WR DQDO\VH WKH PRRUHG VKLS PRWLRQ 7KH VLPXODWLRQ UHVXOWV VKRZ WKH JRRG
DJUHHPHQWZLWKSUHYLRXVZHOOGHILQHGPRGHOV
)LJ7KHFXUUHQWQXPHULFDOPRGHOLVFRPSDUHGZLWKSUHYLRXVPRGHOVVXFKDV7DNDJLDQG1DLWR>@DQG%6<RR>@IRUYDOLGDWLRQRIWKH
QXPHULFDOVFKHPH
 6LPXODWLRQUHVXOWVIRUPRRUHGVKLS0RWLRQ
7KH QXPHULFDO VLPXODWLRQV KDYH EHHQ FDUULHG RXW RQ 31+ WR DQDO\VH WKH PRRUHG VKLS PRWLRQ ZKLFK LV
VSHFLILHG DV WUDQVODWLRQDOPRWLRQ DQG URWDWLRQDOPRWLRQ 7UDQVODWLRQDOPRWLRQ LQFOXGHV DV VXUJH VZD\ DQG KHDYH
FRPSRQHQWRIDGGHGPDVVDQGGDPSLQJFRHIILFLHQWDVVKRZQLQXSSHUSDUWRI)LJ)XUWKHUVLPXODWLRQUHVXOWVIRU
WKHURWDWLRQDOPRWLRQLHWKHUROOSLWFKDQG\DZFRPSRQHQWRIDGGHGPDVVDQGGDPSLQJFRHIILFLHQWDUHVKRZQLQ
ORZHUSDUWLQ)LJ7KHQRQGLPHQVLRQDOIUHTXHQF\  V/  Jω LVWDNHQDORQJ[D[HVZLWKIUHTXHQF\GLIIHUHQFH
)UHTXHQF\GLIIHUHQFHLVWDNHQVPDOOHQRXJKWRHQVXUHWKHQXPHULFDODFFXUDF\RIVLPXODWLRQUHVXOWVIRUPRRUHGVKLS
PRWLRQ 7KH SHDNV KHLJKW YDULHV ZLWK UHVSHFW WR HDFK UHVRQDQW PRGH RI VKLS PRWLRQ $W WKHVH UHVRQDQW PRGHV
PRRUHGVKLSPRWLRQKDVKLJKHURVFLOODWLRQWKHQWKHUHVWRIIUHTXHQFLHV,QWKHQH[WVHFWLRQWKHZDYHILHOGLQWKHVKLS
UHJLRQLVDQDO\VHGIRUYDULRXVUHVRQDQFHPRGHVREWDLQHGLQWKHERXQGHGUHJLRQ
2QWKHEDVLVRIDFWXDOWRSRJUDSK\DQGEDWK\PHWU\GDWDRI31+WKHQXPHULFDOVLPXODWLRQKDVEHHQFRQGXFWHG
WRILJXUHRXWWKHFKDUDFWHULVWLFVRIWKHRFHDQVXUIDFHZDYHLQWKHLQWHULRUGRPDLQRIWKH31+DWYDULRXVLQFLGHQWZDYH
GLUHFWLRQV7KHZKROHERXQGDU\RI31+LVGLVFUHWL]HGUHJXODUO\E\XVLQJ&KHE\VKHYSRLQWVLQWR1 VHJPHQWV
ZLWK 1  HQWUDQFH VHJPHQW GLYLVLRQ 7KH ORFDWLRQ RI PRRUHG VKLS 60 LQVLGH WKH 31+ LV VKRZQ LQ D ZLWK
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GLVFUHWL]HGERXQGDU\7KHQXPHULFDOVLPXODWLRQVDUHFRQGXFWHGWRILJXUHRXWWKHFKDUDFWHULVWLFVRIWKHRFHDQVXUIDFH
ZDYH LQ WKH VKLS UHJLRQ IRUZDYHRI GLIIHUHQW UHVRQDQFHPRGHV DQGGLUHFWLRQV ,Q WKH VKLS UHJLRQ WKH ILUVW WKUHH
UHVRQDQFHPRGHDUHREWDLQHGDWQRQGLPHQVLRQDOZDYHQXPEHUN N DQGN >@7KXVWKHZDYH
HOHYDWLRQ LQ WKH VKLS UHJLRQ KDV EHHQ QXPHULFDOO\ FRPSXWHG IRU WKH LQFLGHQWZDYHV FRPLQJ IURP VRXWK GLUHFWLRQ
WRZDUGVHQWUDQFHZLWKLQFLGHQWDQJOH  α π= ZKLFKLVVKRZQLQWKH)LJ7KHLPSDFWRILQFLGHQWZDYHVRQWKH
PRRUHGVKLSIURPYDULRXVUHVRQDQFHPRGHVDWSDUWLFXODUGLUHFWLRQLVREVHUYHG
)LJ,QWUDQVODWLRQDOPRWLRQVXUJHDGGHGPDVV$0VZD\DGGHGPDVV$0KHDYHDGGHGPDVV$0VXUJHGDPSLQJFRHIILFLHQW
  % 0ω VZD\GDPSLQJFRHIILFLHQW   % 0ω KHDYHGDPSLQJFRHIILFLHQW   % 0ω UROODGGHGPDVV$0/VSLWFKDGGHGPDVV
$0/VDQG\DZDGGHGPDVV$0/V,QURWDWLRQDOPRWLRQUROOGDPSLQJFRHIILFLHQW   V% 0/ω SLWFKGDPSLQJFRHIILFLHQW
  V% 0/ω DQG\DZGDPSLQJFRHIILFLHQW   V% 0/ω KDYHVKRZQZLWKQRQGLPHQVLRQDOIUHTXHQF\GLIIHUHQFHIRUWKH
PXOWLGLUHFWLRQDOGLUHFWLRQDOLQFLGHQWZDYHV$ORQJ[D[LVQRQGLPHQVLRQDOIUHTXHQF\  V/  Jω LVWDNHQZKHUH ω LVWKHDQJXODUIUHTXHQF\/6
LVWKHOHQJWKRIPRGHOVKLSDQGJWKHJUDYLWDWLRQDOFRQVWDQW
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)LJ'LVFUHWL]HG31+ZLWKPRRUHGVKLS60D2FHDQVXUIDFHZDYHILHOGDQDO\VLVRIPRRUHGVKLSPRWLRQIRUWKHILUVWWKUHHUHVRQDQFHPRGHV
N EN FN GZKHQGLUHFWLRQDOLQFLGHQWZDYHSURSDJDWHWRZDUGHQWUDQFHDWDQLQFLGHQWDQJOH  α π= 
 &RQFOXVLRQ
,Q WKLV SDSHU PRRUHG VKLSPRWLRQ KDV EHHQ DQDO\]HG IRU WKH ORQJ ZDYHV RI VPDOO DPSOLWXGH IURP YDULRXV
GLUHFWLRQV XQGHU WKH YDULRXV UHVRQDQFH FRQGLWLRQV 7KH GLUHFWLRQ RI WKH LQFLGHQWZDYHV DQG UHVRQDQFHPRGHV DUH
FUXFLDO SDUDPHWHUV WR DQDO\]H WKH PRRUHG VKLS PRWLRQ DW IL[HG ORFDWLRQ LQVLGH WKH KDUERU 7KH FRUUHVSRQGLQJ
IUHTXHQFLHVUHODWHGWRUHVRQDQFHPRGHVDUHNQRZQDVUHVRQDQWIUHTXHQF\ZKLFKDUHYHU\VLJQLILFDQWWRDQDO\]HWKH
ZDYHILHOGDURXQGWKHPRRUHGVKLS2QEDVLVRIZDYHILHOGLQIRUPDWLRQWKHVDIHORFDWLRQFDQEHIRXQGLQWKHKDUERU
RUSRUWVWDWLRQV+RZHYHUWKHPDLQIRFXVRIWKHFXUUHQWUHVHDUFKLVWRGHYHORSDFRPSXWDWLRQDOO\HIILFLHQWHIIHFWXDO
DQGUHOLDEOHPRGHOWRSUHGLFWWKHPRRUHGVKLSPRWLRQLQVLGHWKHKDUERU
$FNQRZOHGJHPHQWV
7KLV UHVHDUFK ZRUN LV FXUUHQWO\ VXSSRUWHG E\ 'HSDUWPHQW RI $SSOLHG 6FLHQFHV 1DWLRQDO ,QVWLWXWH RI
7HFKQRORJ\'HOKL
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